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24H HOC TO AN - CHIEN THANG 3 CAu PHAN LOAI 
Giao vien: Doan Tri Dung - Ha Huu Hai 
BAl 6: AM - GM Don bien 


I. Gioi thieu ca ban ve bat dang thuc Cauchy (AM - GM): 

a + b>l4ab,\/a,b>0 


Bat dang thuc Cauchy cho hai so: 


ab< 


,\/a,b 


. Dang thuc xay ra khi a = b . 


\a + b + c > 3 \fabc,\/a,b,c > 0 


Bat dang thuc Cauchy cho ba so: 


a + b + c 
3 


,\/a,b,c> 0 


. Dang thuc xay ra khi a = b = c 


Bat dang thuc Cauchy tong quat cho n so khong am: 

I a 1 + a 2 + ... + a n > n’jja^...a n ,Va 1 ,a 2 ,...a n ^0 

. Dang thuc xay ra khi a l =a 2 - 

/ Vfl 1 ,fl 2 ,...fl n >0 


II. Cac he qua cua bat dang thuc Cauchy (AM - GM): 

a 2 + b 2 > lab, Dang thuc xay ra khi a = b . 

a 2 +b 2 > -lab,\fa, kl. Dang thuc xay ra khi a = b . 


a 3 + b 6 + cr > 3 abc, \/a,b,c> 0. Dang thuc xay ra khi a = b = c. 
afrc<^ a + k + C j ,\/a,b,c>0. Dang thuc xay ra khi a = b = c. 

3 (ab+bc + ca} < (a + b+c'j <3 {a 2 + b 2 +c 2 ^,\/a,b,c e R. Dang thuc xay ra khi a = b = c. 
a 3 + b 3 > ab{a + b}^a,b> 0 . Dang thuc xay ra khi a = b. 

a 2 -yi 

-1-> a + b,\/a,b >0. Dang thuc xay ra khi a = b . 

b a 

IV. Su dung bat dang thuc AM - GM dua v'e bien can tim: 

Bai 1: Cho cac so thuc x, y thoa man x + y > 0 . Tim gia tri nho nhat cua: P = 2 (x 3 + y 3 ^ - 3^jx + y . 

1 


Bai 2: Cho cac so thuc x, y duong. Tim gia tri nho nhat cua bieu thuc: P = 


8xy(x 2 +y 2 ) 


+ 8 yjx + y 


Bai 3: Cho cac so thuc duong x,y . Tim gia tri nho nhat cua bieu thuc: P = 


9xy(x 3 +y) x+y 
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Bai 4: Cho a,b,c thoa man c>0,a>c,b>c. Tim gia tri Ionnhat cua: P - ^c(a-c) + ^c(fc-c) -2a 2 b 2 

Bai 5: Cho cac so thuc a,b,c >0 . Tim gia tri nho nhat cua bieu thuc: P = — + — + —— 2 *Ja + b + c 

cab 

Bai 6: Cho a,b,c do dai 3 canh mot tarn giac. Tim gia tri nho nhat cua bieu thuc: 


+ b-c)(b + c-a)(c + a-b) 


- a 2 b 2 c 2 (abc -l). 


Bai 7: Cho cac so thuc duong x,y,z thoa man xyz = 1. Tim gia tri nho nhat cua bieu thuc: 

P = x 4 y + y 4 z + z 4 x - 3 %]xy + yz + zx 

Bai 8: Cho cac so thuc a,b,c duong. Tim gia tri nho nhat cua: P = U + ^ C + ^ +Ca + C +a ^ - A^a + b + c 
' & 6 b+c c+a a+b 

Bai 9: Cho cac so thuc duong a, b, c thoa man a + b + c>3. Tim gia tri nho nhat cua bieu thuc: 

n a b c / , x3 

1 + b 2 1 + c 2 1 + a 2 V ! 


Bai 10: Cho cac so thuc duong a,b,c . Tim gia tri nho nhat cua: P = 


a 2 +b 2 b 2 +c 2 c 2 +a 2 


Bai 11: Cho cac so thuc duong a,b,c thoa man dieu kien abc = 1. Tim gia tri nho nhat cua bieu thuc: 

p_ a +1 + b + 1 + c + 1 + (fl + b + c) 
b 2 + 1 c 2 +l a 2 +l 54 

Bai 12: Cho cac so thuc duong a, b, c . Tim gia tri nho nhat cua: P = - 1 - — - 1 - ——- — . — + — + — 

b 3 +ab c 3 +bc a 3 +ca 2\a b c 

Bai 13: Cho cac so thuc duong a,b,c thoa man abc = 1. Tim gia tri Ion nhat cua bieu thuc: 

p_ l + a | 1 + b | 1 + c (a + b + c ) 

1 + b 1 + c 1 + a 6 


Bai 1: Cho cac so thuc x, y thoa man x + y > 0 . Tim gia tri nho nhat cua bieu thuc: P = 2 (x 3 + y j - 3^jx + y . 


Bien can dua ve: x + y. 

Chieu danh gia can co: P>. 

Chieu can danh gia can tim: x 3 +y 3 > /(x + y). 
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Bien doi bieu thuc: x 3 + y 3 = (x + y) 3 -3xy(x + y), do do neu muon su dung danh gia 
x 3 + y 3 ——>x + y, ta se can xy —»x + y. 

>yf 


Danh gia can tim: xy < - 


Bai giai 


/ v.3 , \ ^ / Xt I/I 

Taco:x +y = (x + y) -3xy(x + yJ. Ta co danh gia: xy < -— ^ 7 . Do do: 


x 3 + y 3 = (x + y) 3 - 3xy (x + y) + y) 3 - « x 3 + / > 


Dang thuc xay ra khi va chi khi: x = y . Vay: P = 2 (x 3 + y j-3/x + y > -—— 3/x + y . 




Xet ham so /(f) = ^f 3 -3 «Jt,t > 0 . Ta co: P > /(x + y). Vi: /'(f) = --^= = 0 <^t 2 yft = 1 <=> f = 1. 

Do do ta co bang bien thien: 


f 

0 

1 

+00 

/(0 


5 / 

^^+00 



_ 2 



Tir bang bien thien, ta thay /(f) > ,f e (0;+oo). Vay P > /(x + y) > . Dang thuc xay ra khi va chi 


khi x = y = -. 
* 2 


Kef luan: Gia tri nho nhat cua P la-tai x = y = —. 

2 ' y 2 


Bai 2: Cho cac so thuc x, y duong. Tim gia tri nho nhat cua bieu thuc: P = 


8xy(x 


fx + y. 


• Bien can dua ve: x + y. 

• Chieu danh gia can co: P >. 

• Chieu can danh gia can tim: xy(x 2 + y 2 j < f{x + y). 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


• Bien doi bieu thuc: Neu muon tao ra x + y tu x 2 + y 2 va xy, ta chi co bien doi: 
(x + y) 2 =(2xy) + (x 2 +y 2 ). 

• Danh gia can tim: (2xy)(x 2 +y 2 )< ^"ty + * + ^ j • 

Bai giai 


c6: \( lx y){ x 




(*+y ) 4 

8 


Dang thuc xay ra khi va chi khi: x-y. Vay: P > -— 

8(^+y) 

8 



8 sjx + y- 


</w4 




+ 8-\/F, t > 0. Ta co: P >/(x + i/). 

= 0 -w- t = 1. Lap bang bien thien cua ham so ta dupe: 


t I 0 1 +oo 



Tir bang bien thien, ta thay / (f) > 9 , t e (0; +oo). Vay P > f(x +y ) > 9 . Dang thuc xay ra khi va chi khi 

x = y = —. Gia tri nho nhat cua P la 9 tai x = y = —. 

* 2 ^ 2 

Bai 3: Cho cac so thuc duong x, y . Tim gia tri nho nhat cua bieu thuc: P =-----— 

'' < > ( v • w ) 

Phan tich 


• Bien can dua ve: x + y. 

• Chieu danh gia can co: P >. 

• Chieu can danh gia can tim: x 3 y 3 ^x 3 + y 3 j < / [x + y ). 

• Bien doi bieu thuc: Ta co: x 3 +y 3 = (x + y)(x 2 - xy+ y 2 j. Nhu vay muon dua ve bien x + y .ta xet 
tich: x 3 y 3 (x 2 - xy + y 2 j. Cung nhu cac bai toan o tren, ta thay de tao ra x + y ta can co hang dang 
thuc nhu sau: (x + y) 2 = ^x 2 - xy + y 2 j + xy + xy + xy. 
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Danh gia can tim: (xy)(xy)(xy)|x 2 - xy + y 2 


xy + xy + xy + (x 2 -xy + y 2 )l 


Bai giai 


Sir dung bat dang thuc AM - GM cho bon so ta co: x 3 y 3 ^x 3 + y 3 j = (xy)(xy)(xy)^x 2 -xy + y 2 j(x + y) 

(x + y) « x 3 y 3 ^x 3 + y 3 j < ^ . Dang thuc xay ra khi va 


»x y x +y < 


chi khi: x = y.V ay: P>— Q --—.Xethamso f(t) = ^^---,t>0. 

9 (x + y) 9 * + 2/ U 9f 9 * 

Ta co: P > /(x + y) Vi: /'(f) = + = 0 t = 2. Lap bang bien thien cua ham so ta dupe: 



khi x = y = 1. Ket luan: Gia tri nho nhat cua P la -- tai x = y = 1. 


Bai 4: Cho cac so thuc duong a,b,c thoa man c>0,a>c,b>c. Tim gia tri ldn nhat cua bieu thuc: 

P = Jc(a-c) + ^c(b-c) -la 2 b 2 


• Bien can dua ve: ab . 

• Chieu danh gia can co: P <. 

• Chieu can danh gia can tim: ^c(a-c) + ^c(b-c) < /(ai>). 

Bien doi bieu thuc: Nhin thoang qua, chung ta co the danh gia bai toan dudi dang bat dang thuc AM - 

, . r I - r r. -^ c + a-c c + b-c a + b 

GMnhusau: ycya-c +ycyb-c < -+-=- 

2 2 2 

Tuy nhien danh gia U ^ < /(«&) la vo cimg kho khan. Chinh vi vay de co danh gia 
JcJa~~Pj + ^jc(b-c ) < f(ab ), ta co the tu duy theo mot hudng khac la: ^ ^ f(bj^ ~ ~ ^ 
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vay ta can tao ra mot danh gia ma sau khi sir dung bat dang thuc AM - GM ta se triet tieu toan bo 
cac bien a,b,c . Do do ta bien doi: ^c(a-c) + ^c(b-c) = + ^—^1-^- 

Mat khac theo bat dang thuc AM - GM ta co: 


'v«r tF2{fv «s'2i« 

Vay day chinh la nhung danh gia can tim. Do do ta co: 

^o) + ^TT)<^ 

Bai giai 

Tj : 17 P 1 . p 1 , | 

*JHM 


Theo bat dang thuc AM - GM cho hai so ta co: 


1_ §H H 1_ « B H 1 -** 1 


Vay: ^|c(a-c) + <Jjc(b-c} < \[ab . Dang thuc xay ra khi va chi khi: £ = |l- — j,— = jl- j <=> — + ^ = 


Vay: P <y[ab -2a 2 b 2 . Xetham so /(f) = s[t-2t 2 ,t > 0. Ta co: P < f(ab ). 

Vi: f'(t) = -^-p -4t=0ot = —. Lap bang bien thien cua ham so ta duoc: 
W 2yjt 4 


/(0 



Tir bang bien thien, ta thay ,t e (0;+co). Vay P < f(ab)< — . Dang thuc xay ra khi va chi khi 

8 8 

, 1 1 1 1 , a + b 1 1 . , 1 t ^ 

ab = - dodo: - — — ■oc — —- s <F>a = t,b =—,c = — - ,VfeR . 

4 a b c ab c 4 (a + b) 4f 4r+l 


Ket luan: Gia tri lbnnhat cua P la — tai a-t,b = —,c = — J- — trong do t la mot so thuc duong bat ky. 
8 ' 4f 4P + 1 
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Bai 5: Cho cac so thuc a,b,c> 0. Tim gia tri nho nhat cua bieu thiic: P = — + — + —— 2 y/a + b + c 

cab 


Bien can dua ve: a + b + c. 

Chieu danh gia can co: P >. 

„ .vv vv , w ,, ab be ca ^ c( , \ 

Chieu can danh gia can tim:- 1 — + — > f\a + b + cj. 

' ab ca , „ 

Chu y rang: — va — co mot dac diem la co cung gia tri a 6 tii so va bieu thiic con lai la hai phan 
c b 

„ be 

so dao nguoc: -, — . Do vay neu xet trung binh nhan cua hai bieu thuc tren ta co: 
cb 

voi mot bien trong bieu thuc a + b + c can dua ve. 

ca ab 
b c 


„, i ., vv ca ab ^ - ca ab . 

Danh gia can hm:- 1 ->2,1- -2a 

b c ' u " 


Bai giai 


Ap dung bat dang thuc AM - GM ta co: — + — >2j—— = 2b, — + ^>2j—^ = 2c,^ + —>2j^ — =2a 


be ca ^ „ be ca - ca ab ^ „ ca ab 


b c 


Cong hai ve cua cac danh gia tren ta dupe: 




Do do: — + — + — > a + b + c. Dang thiic xay ra khi va chi khi a = b = c. 
cab 

Vay: P>[a+b + c)-2sla + b + c = [^ja+b+c -lj -1. Vi |sja + b+c -lj -1>-1 do do: P>-1. 


Dang thiic xay ra khi va chi khi a-b = c = ^. Ket ludn: Gia tri nho nhat cua P la -1 tai a-b=c = ^. 


Bai 6: Cho a,b,c do dai 3 earth mot tarn giac. Tim gia tri nho nhat cua bieu thiic: 

P = 7 -—7--— r-, -y + a 2 b 2 c 2 (abc - 1). 

(a + b-c)(b + c-a)(c + a-b) ' 


• Bien can dua ve: abc . 

• Chieu danh gia can co: P>. 

• Chieu can danh gia can tim: (a4T-c)(fr + c-a)(c + a-fr)</(afrc). 

, , , , v (a + b-c) + (b + c-a) 

• Chu y rang: [a + b-cj va (b + c-a) co trung binh cong: --- L = jj 

Nhu vay muon tao ra dupe danh gia can tim, ta can tao ra cac trung binh cong cua cac cap so voi 
nhau. Nhac den cac bat dang thiic giua trung binh cong va trung binh nhan, ta nho den danh gia: 
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Danh gia can tim: (a + b - c)(b + c - a) < 


Ap dung bat dang thuc AM - GM cho hai so ta co: 


x + y_ 
2 


(a + b-c) + (b + c-a) 

2 

Bai giai 

(a + b-c)(b + c-a)< 
(Wc-a)(c + a-&)< 
(c + a-b)(a + fr-c)< 


(a + b-c} + (b + c-ay | 


(b + c-a) + (c + a-b) 
2 


/ + a-b) + (a + b-c] 
2 


Nhan ve voi ve ta co: (a + b - cf (b + c - af [c + a - bf < (abc) 2 . 

Vi a,b,c do dai 3 canh mot tam giac, Do do ta co: a+b-c>0,b + c-a>0,c+a-b>0 
=> (a + b - c )(b + c - aj (c + a - fr) < flfcc. 

Dang thuc xay ra khi va chi khi a = b = c. Vay: P>-^— + a 2 b 2 c 2 (abc- l). Xet ham so 
f(t) = ^ + t 3 -t 2 ,t>0. Taco: P>f(abc)V i: /'(f) = 3f 2 -2f--^- 
xv (t -l)(3f 3 +f 2 +f + l) 

/' (f) =-—-= 0 «• t = 1. Lap bang bien thien cua ham so ta dupe: 



Tu bang bien thien, ta thay /(f)>1 ,f e(0;+oo). Vay P>/(flfcc)> 1. Dang thuc xay ra khi va chi khi 
a = b = c = 1. Kef- fwan: Gia tri nho nhat cua P la 1 tai a = b = c = 1 . 

Bai 7: Cho cac so thuc duong x,y,z thoa man xyz = 1 . Tim gia tri nho nhat cua bieu thuc: 

P - x 4 y + y 4 z + z 4 x - 3 ^jxy + yz + zx 


Phan tich 
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• Bien can dua ve: xy + yz + zx. 

• Chieu danh gia can co: P >. 

• Chieu can danh gia can tim: x 4 y + y 4 z + z 4 x > f (xy + yz + zx). 

Ta tan dung di'eu kien xyz = 1 bang each chung minh: 

x 4 y + y 4 z + z 4 x > xyz (xy + yz + zx} o x 4 y + y 4 z + z 4 x > x 2 y 2 z + xy 2 z 2 + x 2 yz 2 

Tatimcac dai lupng m,n,p sao cho: m.x 4 y + n.y 4 z + p.z 4 x^x 4 y + ... + x 4 y + y 4 z + ... + y 4 z + z 4 x+_ : ^ + z^x 
Dong thoi ap dung bat dang thuc AM - GM cho (m + n + p) so ta dupe: 

m n V 


Hay: m.x 4 y + n.y 4 z + p.z 4 x > (m + n + p ) m+n+ (j(x 4 yj ^y 4 zj ( z 4 xj 
<^> m.x 4 y + n.y 4 z + p.z 4 x > (m + n + p ) '" +n+ ^x 4m+p y 4 " +m z 4p+ " 

4m+p 4n+m 4p+n 

o m.x 4 y + n.y 4 z + p.z 4 x >(m + n + p)x m ^ y m ^ v z ^p 

Va tim cac he so m, n, p sao cho: <^> m.x 4 y + n.y 4 z + p.z 4 x >(m + n + p}x 2 y 2 z 1 


Hay: 


4?n + p _ 2 
m + n + p 
4n + m _ 2 
m + n + p 
4p + n _ 
m + n + p 


2m-2n-p -0 
2n-2p-m = 0<=> 
3p = m 


\m-3p 

< . Do do chon m = 6,n = 5,p = 2. 

\bp-2n • p 


Khi do: 6x 4 y + 5y 4 z + 2z 4 x > 13x 2 y 2 z. Dong thoi tuong tu ta se co: 


[ 6y 4 z + 5 z 4 x + 2x 4 y > 13y 2 z 2 x 
[6 z 4 x + 5x 4 y + 2 y 4 z > 13z 2 x 2 y 


Bai giai 

\ 6 x 4 y + 5y 4 z + 2z 4 x > 13x 2 y 2 z 
Ap dung bat dang thuc AM - GM cho 13 so ta dupe: 1 6y 4 z + 5z 4 x + 2x 4 y > 13y 2 z 2 x 

6z 4 x + 5x 4 y + 2y 4 z > 13z 2 x 2 y 


Cong ve voi ve ta dupe: 13^x 4 y + y 4 z + z 4 xj > 13xyz(xy + yz + zx). 

Vi xyz = 1 do do ta co danh gia: x 4 y + y 4 z + z 4 x > xy + yz + zx. 

Dang thuc xay ra khi va chi khi: x = y = z = 1. Do do: P> xy + yz + zx- 3%Jxy + yz + zx . 
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Dat f(t) = t-3\[t . Taco: P> f[xy + yz + zx). Theo bat dang there AM - GM ta co: 

xy + yz + zx>3^jx 2 y 2 z 2 =>xy+ yz + zx> 3 
1 3/7i~ _ i 

Vay xet ham so /(f) = f-3\/f voi t> 3 ta co: f'{t) = 1—. 

% 2 \/t 2 


Vi t > 3=>^f^"-l>^9-1>0 vay /'(f) >0,Vt >3. Vay /(f) la ham so dong bien va lien tuc khi f > 3. Vay 
/(f) >/(3) = 3-3^3. Do do: P>/(xy + yz + zx)>/(3) = 3-3^3. Dang there xay ra khi va chi khi: 
x = y = z = 1. luan: Gia tri nho nhat cua P la 3 - 3^3 tai x = y = z = 1. 


Bai 8: Cho cac so there a,b,c duong. Tim gia tri nho nhat cua bieu there: 


a 2 + be + b 2 + ca 
b + c c + a 


c 2 +ab 
a + b 


-^yfa + b + c 


Phan tich 


Bien can dua ve: a + b + c. 

Chieu danh gia can co: P >. 

.v, v, ^ ^ a 2 +bc b 2 +ca c 2 +ab^ r( . \ 

Chreu can danh gia can tim:- 1 - 1 - >f (a + b+c). 

b+c c+a a+b v ’ 


, , , i a 2 +bc ( a + b)(a + c ) 

hm v ratio-- n = --—- L 


Chuyrang: -——- + a = - 
b + c 


, do do ta co the bien doi tuong ter: 


b 2 +ca + ^_ (b + cj{b + a) c 2 + ab ^_{c + a)(c + &) 
c+a c+a ' a+b a+b 

• Toi day ta chu y rang trong bai toan so 5, ta da chemg minh: 

ab be ca ^ . 

cab 

Do do neu ap dung danh gia nay, ta se co: 

(o + fe)(o + c) | ( b+cjy+a ) | (c+a)(c+fr) | ^ | 

b + c c + a a+b ' ' 

Do vay, ta hoan toan co the tao ra duoc danh gia can tim. 

Bai giai 

, a 2 +bc (a + fr)(a + c) b 2 +ca (b + c)(b + a ) 

b+c b+c c+a c+a 


Va tuong ter nhu vay ta cung co 

Vay: 


, c 2 +ab _(c + a)(c + &) 


a+b a+b 

+ bc b 2 +ca c 2 +ab _ (fl + &)(fl + c) (b + c}(b + a ) (c + a)(c + fr) 


b + c c + a 


a + b 


b + c 


a + b 


c + a 
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z x y 

(a + b)(a + c) (b + c)(b + a ) (c + a)(c + b) 


b + c 


a + b 


> (fl + b) + (b + c) + (c + fl) 


(« + >)(« + c) + (i» + c)(i» + «) + (c + a )(c + i») a a + >+ ^±fc + ^±^ + £Lt^ ao + i , +c . 

b + c c + fl a + b v ' b + c c + a a + b 

Dang thuc xay ra khi va chi khi a = b = c. 

Do do: P>a + b + c-4sfa + b + c. Dat /(f) = f-4^/f =z>P>f (a + b + c). 

Xet ham so /(f) = f-4%/f voi t e(0;+oo) ta co: /'(f) = 1-— L= = 0 <^> f = 1 . 

Lap bang bien thien cua ham so ta dupe: 



/(0 


Tu bang bien thien, ta thay /(f) > -3 ,f e (0;+oo). Vay P> /(a + b + c) > -3. Dang thuc xay ra khi va chi 

khi a = b = c = —. Ket luan: Gia tri nho nhat cua P la -3 tai a = b = c = — . 

3 '3 


Bai 9: Cho cac so thuc duong a,b,c thoa man a+b+c>3. Tim gia tri nho nhat cua bieu thuc: 


P = -?— + —— + —— + (a + b + cf 
1 + b 2 1 + c 2 1 + a 2 { ’ 


• Bien can dua ve: a + b + c. 

• Chieu danh gia can co: P>. 

• Chieu can danh gia can tim: — a ~— + —+ — C —~ > f (a + b + c). 

1 + b 2 1+c 2 1 + a 2 v ’ 

Chu y rang de co danh gia — Q ~— >, ta can 1 + b 2 < , tuy nhien dieu nay rat kho de co the thuc hien. Vi vay 
1 + b 2 


neu ta can thiet phai di theo huong 1 + b 1 , ta can lam dao chieu cua danh gia nghia la -- phai thanh 

1 + b 2 

1 rpi , a a + ab 2 -ab 2 ab 2 1 ab 2 ^ ab 

--.Taco: -- =---= a--.Vi 1 + b>2b=>--<—. 

1 + b 2 1 + b 2 1 + b 2 1 + b 2 1 + b 2 2 


Khi do: 


- > a -, tuong tu ta co:-— > b 

1 + b 2 2’ 8 ' i + c 2 


be c ca 

~2’l^~ C ~^' 
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Nguoi ta goi each danh gia tren la Ky thuat Cauchy nguac dau. 

T _, . A „ , a b c , bc+ca + ab 

Khi do cong ve voi ve ta co:-- h-- h-- > a + b + c -. 

' 1+b 2 1 + c 2 1 + a 2 2 

Cuoi cerng ta can danh gia theo chieu: J jc + ca + a ^ — y-fr+c obc + ca + ab —=— + b + c 


Va ta dune bat dang there He qua cua bat dang there Cauchy (AM - GM): 3 (ab + bc + ca)<(a + b + cj 

Bai giai 

rp , a a + ab 2 -ab 2 ab 2 , . 2 ab 2 ^ ab 

Ta co: -- =--- = a -Vi 1 + b >2b=>--<—. 

1 + b 2 1 + b 2 1 + b 2 1 + b 2 2 

js~t • r a ^ ab L L , b be c ^ ca 

1 + b 2 2 5 • 1 + C 2 2 1 + a 2 2 

T/n . A „ , a b c , bc+ca + ab 

Khi do cong ve voi ve ta co:-- h-- h-- >a+b+c -. 

' 8 1 + b 2 1 + c 2 1 + a 2 2 

Tu He qua cua bat dang thuc AM - GM (Da chung minh o phan II), ta co: 

3 [ab + be + ca) < (a + b + cf 


_ a b c . bc + ca + ab . (a + b + cj 

1 + b 2 1 + c 2 1 + a 2 2 6 

, (a + b + c ) . x 3 

Dang thuc xay ra khi a = b = c = 1. Vay P>a+b+c- -- —— + [a + b + c ) . 

t 2 

Xethamso /(f) = f 3 - —+ t f ^3, taco P>/(a + b + c). 

Ta co: /'(f) = 3f 2 - —+ 1 = —-- + 1 >0,Vf >3. Vay /(f) la ham so dong bien va lien tuc khi f > 3. Do do 


Do do: P > f{a + b + c) > /(3) = —. Dang thuc xay ra khi a = b = c = 1. 


Ket luan: Gia tri nho nhat cua P la — tai a = b = c = 1. 

2 ' 


Bai 10: Cho cac so there duong a,b,c . Tim gia tri nho nhat cua bieu thuc: 


' 2 +b 2 b 2 +c 2 c 2 +a 2 


-sja + b + 
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Phan tich 


Bien can dua ve: a + b + c. 
Chieu danh gia can co: P >. 


a +b b +c 2 c 2 + cT 
Bien doi can tim (Su dung Ky thuat Cauchy nguoc dau): 

a 3 _ a 3 + ab 2 - ab 2 _ ^ ab 2 
a 2 +b 2 ~ a 2 +b 2 - a ~ a 2 +b 2 

Bai giai 


ab 2 _a b 
~2ab~ a ~2 


Su dung ky thuat Cauchy nguoc dau: 


a 3 a 3 + ab 2 - ab 2 


Vi a +b > 2ab do do: 


a 2 +b z 
a 3 a 3 + ab 2 - ab 2 


2 +b 2 


ab 2 ^ ab 2 b 

— - ->a -= a —. 

a 2 +b 2 2ab 2 


Tuong tu nhu vay ta co: —-—— > b —-> c- —. 

b 2 +c 2 2 c 2 + a 2 


' a 2 + b 2 b 2 +c 2 c 2 + a 2 ” 

a + b+c 


-. Dang thuc xay ra khi: a = b = c. 


Vay P> ** ' ^ ° ja + b + c =-^(sJa + b + c -lj . Dang thuc xay ra khi: a = b = c = 


Bai 11: Cho cac so thuc duong a,b,c thoa man dieu kien abc = 1. Tim gia tri nho nhat cua bieu thuc: 

_ a + 1 b + l c + 1 (a + b + cf 

b 2 + 1 c 2 +l a 2 +l 54 


Phan tich 


• Bien can dua ve: a + b + c. 

• Chieu danh gia can co: P >. 

x/v i/i ./x/x ^ a + 1 b + l c +1 , \ 

• Chieu can danh gia can tim: —-h — + — > f I a + b + c). 

b 2 +1 c 2 +1 a 2 +1 V ' 

• Bien doi can tim (Su dung Ky thuat Cauchy nguoc dau): 

4±l =<I+ i_^tV> 0+1 _^hV =0+1 _f*±» 

b 2 +1 b 2 +1 2 b 2 

Bai giai 

a + 1 (a + ab 2 ) + (l + b 2 \-ab 2 -b 2 b 2 (a + l) 

Su dung ky thuat Cauchy nguoc dau ta co: — = --—V;--- = a + l -^- - 


b 2 +1 


b 2 +1 
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' o a +1 b^(a-\- 1) b^(a-\- 1) ab + b 

Chu y rang: b 2 +1 > 2b, do do: —-= a +1-^-- > a +1--- - - a +1- 


rp , b + 1 . . fec + c c + 1 ^ . ca + a 

Tuong tu ta co: — >b +1-- >c +1-. 

8 ' c 2 +1 2 V+l 2 


b 2 +1 c 2 +1 a 2 +1 2 

Tir He qua cira bat dang thuc AM - GM (Da chimg minh a ph'an I), ta co: 3 (ab + bc + ca}<(a + b + c) 2 

a + 1 b + 1 c + 1 u + b + c (a + b + c\ , 

Do do: —-+ —-+ —->-+ 3 - -—. Dang thuc xay ra khi va chi khi a = b = c = 1. 

b 2 +1 c 2 +l a 2 +1 2 6 5 J 

Vay: P> a + b + c + 3 _ ( a + b + c ) + (a + b + c) x ^ tMms ~ yM = + Taco: p>f( a + b+c). 

' y 2 6 54 2 W 54 6 2 ) 

f 3 ,2 . 

Vi a + b + c>3^Jabc =3 do dotaxet = 2 *- 3 - 


Ta co: /'(t) = ^-^ + ^ = ^(t-3) 2 >0. Do do /(t) la ham so dong bien va lien tuc khi t> 3. Vi vay 
/(t)>/(3) = —. Vay: P>/(a + fc + c)> —. Dang thuc xay ra khi va chi khi a = fe = c = l. 


Imam: Gia tri nho nhat cua P la — tai a = b = c = 1. 

2 ' 


Bai 12: Cho cac so thuc duong a,b,c . Tim gia tri nho nhat cira bieu thric: 

P U + ^ + c 3 

I 3 + 3 + 3 

b 3 +ab c 3 + be a 3 +ca 2 \ 

1 a b c 

Phan tich 


V, . V, 1 1 1 

• Bien can dua ve: - h - 1 - -. 

a b c 


• Chieu danh gia can co: P >. 

• Chieu can danh gia can tim: 


a + b + c > A 

b 3 +ab c 3 + be a 3 +ca i 

'1 1 it 

- + - + - 
v fl b c) 


• Bien doi can tim (Sir dung Ky thuat Cauchy nguqc dau): 

a _1_ b 1_ b _1_ 1 

b 3 +ab~b a + b 2 ~b 2 b^fa~b 2 sfa 


Bai giai 


Sir dung ky thuat Cauchy nguqc dau ta co: —— 
Ir + ab 


a + b 2 -b 2 
b 3 +ab 


1 b 
b a + b 2 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Chu y rang: a + b 2 > 2b\fa do do: —/-— = —- > - = = — - . 

b 3 +ab b a + b 2 b 2 byfa b 2sfa 

rp . . , a b c ^ 1 1 1 if 1 1 1 ' 

b 3 +ab c 3 +bc a 3 +ca « b c 2\^ a \Jb \jc 

Su dung bat dang thuc He qua cua bat dang thuc AM - GM: 


(x + y + z) 2 < 3^x 2 + y 2 + z 2 j <=> x + y + z < ^3^x 2 + y 2 + z 2 j 

b 3 +ab c 3 +bc a 3 +ca \ a b cj 2 y ya b c) 

Dang thuc xay ra khi va chi khi: a = b = c = 1. Do do: P>(- + - + -)-2 3[ — + — + —] 

{a b c) ]j {a b c) 


Ta co: -L + < 3\ -+-+-] chonen: 

4a 4b 4c v b c) 


Xet ham so: /(t) = f - 2^3 1 vdi t > 0. Ta co: P >+ - + - 
Jn 

Vi /'(f) = 1— = 0 «•t - 3. Do do ta co bang bien thien: 
si 



khi a = b = c = 1. Ket luan: Gia tri nho nhat cua P la -3 tai a = b = c = 1. 


Bai 13: Cho cac so thuc duong a,b,c thoa man abc = 1. Tim gia tri Ion nhat cua bieu thuc: 

p _ 1 + a + 1 + b + 1 + c (a + b + c") 

1 + b 1 + c 1 + a 6 


Phan tich 


• Bien can dua ve: a + b + c. 

• Chieu danh gia can co: P <. 

vv i/i ^ 1 + a 1 + b 1 + c c / , \ 

• Chieu can danh gia can tim: - 1 - 1 -< f la + b + c) 

& 1+b 1+c 1+a JK ’ 

Bai giai 
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1 + a b(l + a) i + b c(l + b) \ + c a(l + c) 

Su dung ky thuat Cauchy nguoc dau ta co:- -1 + a —-- -, - -1 + b —-- -, -= 1 + c—-- - 

' 6 3 y 6 ' 1 + b 1 + b 1 + c 1 + c 1 + a 1 + a 


„ ,, 1 + a 1 + b 1 + c 0 , 

Do do:- 1 - 1 -= 3 ci b c — 

1 + b 1 + c 1 + a 


b(l + a) | c(l + b) | a(l + c) 
1 + b 1 + c 1 + a 


Theo bat dang thuc AM - GM cho 3 so ta co: 


+ c(l + b^j a(l + c) ^Jb^l + aJ c{l + b^j a(l + c) 


1+b 1+c 1+a 


b(l + a) c(l + b) a(l + c) 3pr \ + a \ + b l + c 

> — -- + —-- + — -- > 3 yabc = 3 Vay:-+-+- 


1 + b 1 + c 1 + a 


<3+a+b+c —3 


« | + ^ + J L + b + c. Dang thuc xay ra khi va chi khi a = b = c = 1. 

(a + b + c) 2 i . ,2 3 3 

Vay P <a + b + c- - — - ~—[a + b + c- 3j + — < —. Dang thuc xay ra khi va chi khi a = b = c = 1. 


, m 3 

Ket luan: Gia tri ldn nhat cua P la — tai a = b = c = \. 

2 ' 



